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Abstract. We present a direct proof that the Anomaly Boundary term of J. Briinning and X. 
Ma [2] E] generaUzes to the cases of the cone over a m-dimcnsional sphere. 

1. Introduction 

The Analytic torsion was defined by D. B. Ray and I. M. Singer answering the question as to 
how describe the Reidemeister torsion, which is a manifold invariant, in analytic terms. In (24j . 
they presented the manifold invariant and they conjectured the equality of both torsion in the case 
of a closed Riemannian manifold. A few years latter, J. Cheeger [B] and W. Miiller (35] proved 
this conjecture with different approaches. J. Cheeger used surgery theory to reduced to the case of 
spheres and W. Miiller used Hodge's combinatory theory. This equality between the two torsions 
is the celebrated Cheeger-Miiller theorem. After that many generalizations of this theorem arises 
(see [T] and references therein). A natural question about the Cheeger-Miiller theorem is your 
extension to manifolds with boundary. W. Liick in ^ studied this situation, but in the case that 
the metric of the manifold has a product structure neat the boundary and he proved a Cheeger- 
Miiller theorem with this additional hypothesis. In this formula, the Analytic torsion is equal to the 
Reidemeister torsion plus the Euler characteristic of the boundary. Recently, J. Briining and X. Ma 
[21 [3] proved the extension of Cheeger-Miiller theorem for Riemannian manifolds with boundary. 
In this situation, a new term appears in the equality of the two torsions, and this term is called 
anomaly boundary term. Another possible extension of Cheeger-Miiller theorem is to manifold 
with conical singularities. Manifolds with conical singularities was studied by J. Cheeger [7l[8l|9]. 
Recently, many authors presented new informations for this problem. In |13j . M. Spreafico and the 
author, presented a qualitative result about the extension of Cheeger-Miiller theorem for a cone over 
a sphere of dimension 1, 2 and 3, and we conjectured that the anomaly boundary term presented by 
Briining and Ma is the same in the case of the cone over a sphere. This conjecture was answered for 
a general closed Riemannian manifold by the author and M. Spreafico in jl4l and independently by 
B. Vertman in |27| . but in both cases the proofs are by an indirect argument. The main motivation 
of this paper is present another approach of this fact with a direct argument, i.e, we calculate the 
Analytic torsion over a m-dimensional sphere and prove that the contribution of the boundary in 
the analytic torsion is the anomaly boundary term of Briining and Ma. Recently, the author and 
M. Spreafico proved the extension of Cheeger-Miiller theorem for the cone over an odd dimensional 
Riemannian manifold 16 . The even dimensional case still open. 

The paper is organized as follows. In section [2] we present the fundamental terminology and 
notation, in section [3] we discuss the Laplacian operator in a finite metric cone, in section |4] we 
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present all facts about the calculation of the Analytic Torsion of a finite metric cone and in the last 
section, we prove the following main results of this paper. 

Theorem 1.1. If S^[^^ is the odd dimensional sphere (of radius sina), with the standard induced 
Euclidean metric, then the Anomaly Boundary contribution in the Analytic Torsion of CiSl^~^ is 
the Anomaly Boundary term of Briining and Ma, namely A-bm{9CiS'^[^^^) . In this case, the formula 
for the analytic torsion reads 



where 



ABuidQS,^^ ) }_^^ ip-l-ky.{2k+l) (fc - ,)!(2j + 1)!! 

Theorem 1.2. If Sl?^^ is the even dimensional sphere (of radius sina^, with the standard induced 
Euclidean metric, then the Anomaly Boundary contribution in the Analytic Torsion of CiS^[^^ is 
the Anomaly Boundary term of Briining and Ma, namely ABmidCiS^f^^), i.e., 

8 ^J!(P-J)!^VV P-J + h 

2. Preliminary and notation 

In this section we will recall some basic results in Riemannian Geometry, Hodge de Rham theory. 
Global Analysis and the definitions of the main objects we will deal with in this work. All the results 
are contained in [H [TH [53] . 

2.1. Some Riemannian geometry and Hodge theory. Let {W,g) be an orientable compact 
connected Riemannian manifold of dimension m without boundary, where g denotes the Riemannian 
structure. We denote by TW the tangent bundle over W, and by T*W the dual bundle. 

Let p : TTi{W) 0{k,R) be a representation of the fundamental group of W in the real 
orthogonal group of dimension k, and let Ep = W x p R*^ be the associated vector bundle over W 
with fibre R*^ and group 0{k,R). We denote by fl(W,Ep) be the graded linear space of g-smooth 
forms on W with values in Ep, namely n(W,Ep) = n{W) ^ Ep. The exterior differential on W 
defines the exterior differential on n'>{W,Ep), d : Q'liW^Ep) n''+^{W,Ep) and g defines the 
Hodge operator on W, and hence on n''{W,Ep), ★ : n'J{W,Ep) rt'^-^W, Ep). Using the inner 
product (_, _) in Ep, an inner product on fl'^{W,Ep) is defined by 



(2.1) (c^,77)= / (luA^tj). 

Jw 

The closure of il'^{W;Ep) with respect to this inner product is the Hilbert space of (/-forms 
on W with values in Ep. The de Rham complex with this product is an elliptic complex. The dual 
of the exterior derivative d'' , defined by {a,d(3) — (d'''a,/3), satisfies — (— 1)™^+'""''^ ★ d*. The 
Laplace operator is A = (d + c?^)^. It satisfies: 1) -kA — A*, 2) A is self adjoint, and 3) Ao; — 
if and only if duj = d^^uj = 0. Let W{W;Ep) = {uj e n'''^^W;Ep) \ Auj = 0}, be the space of the 
q-harmonic forms with values in Ep. Then, we have the Hodge decomposition 

(2.2) n%W,Ep) =n''{W,Ep)®dn'J'\W,Ep)®d^^l'^+\W,Ep). 
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This induces a decomposition of the eigenspace of a given eig envalue A ^ of A^"?) into the 
spaces of closed forms and coclosed forms: £^^^ ~ ® '^a'ccI' where 

^{ojE n^W, Ep) I Aw = Aw, duj = 0}, 4!cci = {'^ e ^''{W, Ep) I Aw = Aw, Suj = 0}. 
Defining ea:acf forms and coexact forms by 

= G I Aw = Aw, w = da}, = {^^ e ^^"(1^, £^p) I Aw = Aw, w = d^a}. 

Note that, if A 7^ 0, then S^^l^ ~ and fl'^^ci — ^a'cox' ^'^'^ '^^ have an isometry 

(2.3) ^■4%^4%l\cl^:u^^d^u^, 

whose inverse is -^d. Also, the restriction of the Hodge star defines an isometry 

and that composed with the previous one gives the isometrics: 

(2.4) ^d. : S[% ^ Si--r'\ : si%, ^ ^^^-^^ 

2.2. Manifolds with boundary. An orientable compact connected riemannian n-manifold M 
with boundary dM. Following [^1 , let denotes the outward pointing unit normal vector to 
the boundary, and dx the corresponding one form. The smooth forms on M near the boundary 
decompose as w = Wtan + w„ormi where Wuorm is the orthogonal projection on the subspace generated 
by dx and wtan is in J7(9M). We write uj ~ uji + dx A W2, where ujj G Q{dM), and 

(2.5) ★ W2 = — rfa; A *w. 
Define absolute boundary conditions by 

-Babs('^) = l^normlaAf = 1^2 |aM = 

and relative boundary conditions by 

-Brcl('^) = WtanloA/ = ^^l\dM = 0. 

Note that, if w e f2'(M), then i?abs(i^) = if and only if i3roi(*w) = 0, B^e\{uj) = implies 
B,ci{duj) = 0, and Sabs(w) = implies Babs('i^w) = 0. Let B{lo) = B{lu) ® B{{d + d^){u})). Then 
the operator A — {d + d^)^ with boundary conditions B{uj) = is self adjoint, and if B{uj) = 0, 
then Aw = if and only if {d + d^ joj = 0. Note that B correspond to 



(2.6) Sabs('^) = if and only if 



{duj)norm\aM = 0, 



OJtanldM = 0, 
(rf^w)tanlaM = 0, 



(2.7) Srci(w) = if and only if 

Let 

KbsiM, Ep) - {we r!9(M, Ep) I A(«)w = 0, B,U^) - 0}, 

nliiM,Ep) = {w e n'^iM,Ep) I A(«)w = 0,Brei(w) = 0}, 
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be the spaces of harmonic forms with boundary conditions. Then the Hodge decomposition reads 

^^:bs(^^. Ep) = K^^siM, E,) ® dnl-l{M, E,) ® dtf7^+i(M, E,), 
QUM, Ep) = -HUM. Ep) ® dn'i-\M, E^) ® d^n'i+^M, E,). 

2.3. Analytic torsion. The analytic torsion is defined starting with a manifold {M,g) without 
boundary , as previously, with twisted coefficients in Ep. The operator A^''^ is symmetric, positive 
and has pure point spectrum. The zcta function of the Laplace operator A^'^^ on q forms in 
ri'(Af, Ep) is defined by the meromorphic extension (analytic at s = 0) of the series 

C(s,A(^))= 

convergent for Re(s) > ^, and where Sp_,_ denotes the positive part of the spectrum. If dM = 0, 
the analytic torsion of (M, g) is 

n 

(2.8) logr((M,g);p) = - ^(-l)^gC'(O, A^^)). 

-3=1 

If M has a boundary, we denote by Tabs((-M, ff); p) the number defined by equation ()2.8p with 
A satisfying absolute BC, and by T,-c\{{M, g); p) the number defined by the same equation with A 
satisfying relative BC. 



2.4. The Cheeger Miiller theorem for manifolds with boundary. Using recent works of J. 
Briining and X. Ma [21 [3] , and classic the work of W. Liick [20] , the Cheeger Miiller theorem for an 
oriented compact connected Riemannian n-manifold {M, g) with boundary reads [5] Theorem 3.4 
(see [13l Section 6] or [Mj Section 2.3] for details on our notation) 

logTab.((M,5);p)=logrR((M,.9);p) + ^x(5M) log 2 + rk(p)ABM,abs(5M), 

log T„i((A/, g)-p)^ log rR((A/, dM, g);p) + ^-^x{dM) log 2 + rk(p) ABM,roi(9M), 

where p is an orthogonal representation of the fundamental group, and where the boundary anom- 
aly term of Briining and Ma is defined as follows. Using the notation of [2] (see [Ml Section 
2.2] for more details) for Z/2 graded algebras, we identify an antisymmetric endomorphism (p 
of a finite dimensional vector space V (over a field of characteristic zero) with the element = 
1 X]j fc=i('^(^i)' "fc)% ^ ^k, of A'^V. For the elements Vk) are the entries of the tensor rep- 

resenting (j) in the base {wfc}, and this is an antisymmetric matrix. Now assume that r is an 
antisymmetric endomorphism of V with values in A^V . Then, {Rjk = {T{vj), Wfc)) is a tensor of two 
forms in A^V . We extend the above construction identifying R with the element 

1 " 

7? = - ^ {r{vj),Vk) A Vj A Vk, 

3:k=l 

of A'^V A A'^V . This can be generalized to higher dimensions. In particular, all the construction can 
be done taking the dual V* instead of V. Accordingly to [2], we define the following forms (where 
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i : dM -> M denotes the inclusion) 

n-l 

2 



fc=i 

_^ n— 1 n— 1 

?2 = - ^ rOfc,;, A el A el © = o II Q''^'' ^ ^ ^1 



k,h=l k,h=l 

Here, a; and are the connection one forms associated to the metrics qq and gi — g, respectively, 
where go is a suitable deformation of g that is a product near the boundary, is the curvature two 
form of g, is the curvature two form of the boundary (with the metric induced by the inclusion), 
and {efe}^~Q is an orthonormal base of TM (with respect to the metric g). Then, setting 

t / / _ l«_„2.c2 ^-^ i 



^JoJ fcr(f + i) 

the Anomaly Boundary term is 

ABM,abs(9Af) = (-l)"+MBM,rel(aM) ^ ^ [ B . 

^ JdM 



3. Geometric setting and Laplace operator 

3.1. The finite metric cone. Let {W, g) be an orientable compact connected Riemannian manifold 
of finite dimension m without boundary and with Riemannian structure g. The metric cone CW 
is the space (0, +oo) x W with the metric 

(3.1) g = dx®dx + x^g. 

The finite metric cone is C(o.(]T^ — {{^iP) G | < a; < Z} with the Riemannian metric g and 
the completed finite metric cone over W is the compact space CiW — C(o,i](W^). The boundary of 
CiW is the subspace {1} x W oi CiW which is isometric to W with the metric Pg. We will call 
(VF, g) the section of the cone and operations on the section will be denoted with tilde. 

In [IlIHlin], J. Cheeger extended all the Hodge theory and the Laplace operator for this spaces, 
in particular all results of section 12.11 are valid. Given a local coordinate system y on VF, then 
{x,y) is a local coordinate system on the cone. We present the explicit form of d'^ and A. If 
uj e r29(C(o,/]Ty), set 

i^{x,y) = fi{x)uji{y) + f2{x)dx A uj2{y), 
with smooth functions /i and /2, and ujj € Cl(W), then 

(3.2) M^,y) = ^'""''+'/2(x)*c^2(?i) + {-irx"'-^''f,{x)dx A icj.iy), 

du{x,y) = fi{x)duji[y) + dxfi{x)dx A uji{y) - f2{x)dx A duj2{y), 

(3.3) d^u:{x,y) = x-^fi{x)d^LOi{y) - ((m -2q + 2)x-^ f2{x) + dj2{x)) ^2(2/) 

- x^^f2{x)dx A d^uj2iy), 
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Aw(a:, y) = {-dlh{x) - {m - 2q)x'^ h{x)) ui{y) + h{x)Kui{y) - 2x~^ f2{x)duj2{y) 

(3.4) +dxh (x~^ f2{x)KL02{y) + uJ2{y) {-d^f2{x) ~{m-2q + 2)x-^dj2{x) 

+ {m -2q + 2)x-^f2{x)) - 2x-'^h{x)d^L0i{y)) . 

3.2. The Laplace operator on the cone and its spectrum. The Laplace operator on forms on 
the space CiW was studied by [5 . The definitions of this operator starts with the formal differential 
operator defined by equation <{iA\ acting on ^^abs/rci(^(0-']^) ■ This define a unique self adjoint 
semi bounded operator with pure point spectrum Aabs/rei acting on L'^{CiW,Q.^'^''CiW), such that 
Aabs/reiw = Luj , if oj G domAabs/rei- AH the solutions of the eigenvalues equation for C is presented 
in [8]. In particular, imposing the boundary conditions we obtain the spectrum of Aabs/roi- More 
precisely, let be the Bessel function of index v. Define 



ctq = -(1 + 2q- m), and ^q,„ = y/ Ag,„ + a\, 
where Ag.„ is the eigenvalue of a g co-exact eigenform of W . 

Lemma 3.1. The positive part of the spectrum of the Laplace operator on forms on CiW , with 
absolute boundary conditions on dCiW is: 

{•^ OO r OO 

{'I CXD /- ^ -s OO 

TOhar,9,0 : jfa, | A'} U |TOhan,-l,0 : J'k_ 1 1 ,a„fc A'} • 

With relative boundary conditions: 

OO r 'I GO 

U |mhar,9 : J|a,|,fc/« | U | mhar.g- 1 : | ,fc/i 

where the j^^k cire the zeros of the Bessel function J^{x), the j^^c,k o,fe the zeros of the function 
Jfi,ci^) = cJp.ix) + xJ'^j^{x), c e M. 

Proof See [14| □ 

For the harmonic forms of Aabs/rci we have. 
Lemma 3.2. //dimVF = 2p — 1 is odd. Then 

({0}, P<q<2p. 

H" fC,W) = /^°^' 0<g<p~l, 
1 {x2"'J-idxA(p(«-i),(^('?-i) e ^9-1(14^)} , p<q<2p. 
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// dim W — 2p is even. Then 



W{W), 0<q<p, 
{0}, p+l<q<2p+l. 

'{0}, 0<q<p, 
^ {x^'^-'-^dx A ip<-i-^\(p'-'}-'^^ e W-\W)} , p+l<q<2p+l. 

Proof. See [M] for the odd case. The even case follows by the same argument. 



□ 



3.3. Torsion zeta function. Using the description of the spectrum of the Laplace operator on 
forms A^'g^^^j given in the last section, we define the zeta function on g-forms as in Section [2. 3[ by 

for Re(s) > ^sii. This function possibly have a simple pole in s = 0, but A. Dar [TU] proved 
Theorem 3.1. The torsion zeta function with absolute/relative boundary conditions, defined by 

m+l 

UsAel(s)-2E(-l)''?C(^'^ibsAcl)> 
9=1 

is regular in s — 0. 

Then the analytic torsion of Ci W is defined and 

logT,b./..ei(QM^)-tlb.Aci(0)- 

4. The analytic torsion of CiW 

In this section we present all principal facts about the calculation of the Analytic Torsion of 
CiW. For more details see [M]. As the Poincare Duality holds for the Analytic Torsion of CiW, 
i.e, 

logT^UCiW) = (-l)'^"°'^logT,ei(QPF), 

for now on we use the absolute boundary conditions and we will omit the subscript abs. With 
lemma I3.1[ after some simplification, the torsion zeta function is 

/2s p-2 / oo 

q=0 \Tl,fe=l 
0-1 ' 



\nM=l 

]2s P-1 °o 



9=0 k=l 
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when dim W — 2p — I is odd and 



72s P-i °o , 



9=0 n,k=l 

I 

~2 



,2s P-1 



9=0 fe=l 
/2s °° 



fc=i 

when dim W — 2p is even. 

So the Analytic Torsion of CiW is described by the following two theorems. For the proof of 
Theorem 14. U see [HI and for the Theorem 14.21 see [TS] (compare with [37]) 

Theorem 4.1. If dimension ofW is odd, dimVK — 2p — I then the Analytic Torsion of CiW is 

p-i 



\ogT{CiW) = i logTiW, P~g) + ^ log ; 



2 - ^ ' - ' 2^; ' " -2ip-q) 
2 



5E(-l)'El^eso$^^^i,,(s) Resi Ccox(s,A('')+a^ 

. „ ■ , s=0 s=i-l-i ^ 



q=0 J = l s— j-r, 

where the functions ^2j+i,qis) are some universal functions explicitly known by some recursive 
relations, and A is the Laplace operator on forms on the section of the cone. 

Theorem 4.2. // dimension ofW is even, dimVF = 2p then the Analytic Torsion of CiW is 



log T(G W^) = E(-l)'y log 2 -2 +1 + ^"^^'f ' + 2^^^^ log 2 + 2 Y.^-lY+' A^fl^,{0) 

q=0 ^ ^ q=0 

+ E(-l)^+'^9 log(2p - 2q - 1)!! + 1 V Reso ^^J^^^^Cs) Resi Cccx (s, A(«) + a: 

^ ^ . , S = 5 = -? ^ 



p-1 p-1 

2 

_ . , 9 

?=0 " q=0 3 = 1 

where the functions <i>2j,g(s) are some universal functions explicitly known by some recursive rela- 
tions, A is the Laplace operator on forms on the section of the cone and 



A..„(.)^|;(.o«(i-^)-.os(i.^)) 



5. The proof of Theorem II. II and Theorem 11.21 

On order to prove Theorem ll.il and Theorem 1 1.2 1 we define, 

Definition 5.1. The Anomaly Boundary contribution in the analytic torsion of a cone over a closed 
manifold W, denoted by logrAB(C/W^); is 
p-1 

, 2 



^E(-l)'El^«^o*2'^i(s) Resi Cccx(s,A('') 

- — s=0 s=j + i- ^ 



9=0 3 = 1 



"9 
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if dim W — 2p — 1 and 



^- s=0 s=j 



9=0 



i] dim H/^ = 2p. 



Recall that we are considering the absolute BC case, we will calculate the analytic torsion of 
Ci{W) in the case W — S^J'^ using the theorem UTT] and the Anomaly Boundary contribution in the 
\ogT{CiS^^^). Our strategy is by direct calculation, i.e, we will determine all terms necessary for 
the proof of theorem 1 1 . 1 1 and [L2l With this in mind, first we determine the term logT(S'^^~^, Pg) 
and then the Anomaly Boundary contribution, which requires more work, and that will be developed 
in the following subsections. In fact, the Anomaly Boundary contribution are similar in dimension 
odd and dimension even. So, we will determine the odd case and present the equations for the 
even case to be concise. Here we present the underlying geometric setting. Let 5*™ be the sphere 



of radius 6 > in R^+i, 5^ = {a; G lR,"+i 



b} (we simply write S"" for 5"^). Let QS^^^ 



denotes the cone of angle a over S'^j^ in 11™+^. We embed CiS™^^ in R™+^ as the subset of the 
segments joining the origin to the sphere 5',™^^^ x {(0, . . . , 0, Z cosa)}. We parametrize the cone by 



xi = rsmasmyni smym-i ■ ■ ■ smc/a sm6'2 cost'i 



X2 — r sm a sm t)„i sm t)„i^ i • • • sm 03 sm U2 sm ffi 
X3 = rsinasin^ni sin0m-i ■ ■ ■ sin03 COS02 



Xm+i = rsinacos6'„ 



. Xm+2 = rcosa 

with r G [0,1], 61 G [0, 27r], 62, ■■■,0m G [0, tt], and where a is a fixed positive real number and 
< -i = sin a < 1. The induced metric is (r > 0) 

qe — dr ® dr + r'^gs'^^^ 

(m— 1 / ^ \ \ 

II ^"^^ + ^^"^ '^^"^ ' 

i=i \j=i+i J J 

and ^/\detgE\ = (rsina)™(sin6l,„)™-i(sin0„_i)"-2 . . . (sin 6(3)2 (sin 6*2). 
5.1. The Analytic Torsion of an odd dimensional sphere. 
Proposition 5.1. 



\ogT{S'/-^\fg) = logVol(Q5,to') - log 



I 



g=0 



Proof. By PJ, log T {S'^[^ ^ ,1'^g) — logYo\{Sf^-^]^), and this proves the proposition since, if W has 
metric g and dimension m, then 



Vol(C,M/^) = / y/det{x^g)dxAdvolg / x' . ^u^.g 

Jc'iW Jo Jw m + 1 



dvolh 



m+l 



Vol(Ty), 
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and 



Vol(5," 



27r- 



□ 



5.2. The anomaly boundary contribution. Assuming that the formula for the anomaly bound- 
ary term ABuidCiW) of Briining and Ma [5] is valid in the case of CiS^^^^, we computed in [T3] 
(note the slight different notation), by applying the definition given equation (2.11) of [H], that 

, ..^ c,2p-i. _ 2^-' ^ [A (-l)^V-^(p-^-+^')+i (2p - 1)! 

ABuidQS,,,^ ) - ,!(2(p_,)_i).. 1. UJ (2(p-,+M-l) 4.(^-1)!' 

A lars^^ ^ 1 V 1 V /^A (-1)^-2.^0--^-) 

Our purpose now is to prove that 

(5.1) logTAB(G5,ta') = ABM(5G5,t-') and logTAB(G53t J = A^MidCiSl^^). 

For it is convenient to rewrite the second terms as follows: 

ABuidaS,^^ ) - 1. ,!(2(p-, )-!)!! ^„ W (2(p -,• + /.)- 1) 4.(p-l)! 

(2p- 1)! ^ 1 (-l)fc-J2J+i 1 

~ 4P(p - 1)! ^ (p - 1 - k)\{2k + 1) ^ (fc - j)K2j + 1)!! ' 

. ..^o2p . 1 V 1 V (J\ (-1)^2.^0--^) 



-1 



1 1 

2^^ 2(fc + 1) Vp-i-iA fc-i 



5.3. The eigenvalues of the Laplacian over CiS^^^. Let A be the self adjoint extension of 
the formal Laplace operator on CiS"^^^ as defined in section [321 Then, the positive part of the 
spectrum of A (with absolute BC) is given in Lemma 13.11 once we know the eigenvalues of the 
restriction of the Laplacian on the section and their coexact multiplicity, according to Lemma 
13.11 These information are available by work of Ikeda and Taniguchi [iH] . The eigenvalues of the 
Laplacian on q-forms on S'^~^ are 

Ao,n = v'^n{n + 2p-2), 

\q.n = v'^{n + q){n + 2p-q-2), 1 < g < p - 2, 
\p-2,n = v'^{{n - I + pf - I), 
\p-i,n = v'^{n - l+pf, 
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with coexact multiplicty 



mcex,o,n = ^2p-2)\ n^*^ - 1 + i)(2p + n - 1 - j), 



rUc 



q\{2p-q-2)\ 



II (n-l+j)(2p + n-l-j), l<g<p-2, 



m, 



cex,p— 2,n 



P-i 



il {n-l+j){2p + n-l-j), 



TO, 



cex,j)— l,n 



.7=1 



thus the indices fiq^n are 



M<?,n = y + + 2p - 9 - 2) + a2, 1 < g < p - 2, 

A*p-2,n = y/i'^iin-l+pf + 
. /Up-i,n = -1+p). 

And, the eigenvalues of the Laplacian on forms on S^^^ are 

Ao,n = z^^(n+l)(n + 2p), 

Aq,„ = v'^in + q){n + 2p + 1 - q), l<q<p-l, 
\-i,n = i^'^in + p){n +P+1), 



with coexact multiphcty 



^cex,0,ri 



TOc 



^cex.p— 1,: 



2(n + 1) + 2p - 1 /2]9 + n - 1 



2p- 1 



n + 1 



■.,p—l,n — o 1 II 

2p + n + 1 
thus the indices /Uq,„ are 



2n + 2p+l /2p + n\/p + n-l 
2p + n — l\n + gy\ n 

2p + 2n + lfp + n-l\f2p + n + l 
n 



l<q<p-l, 



P 



N,n = ^Jv'^{n + q){n + 2p+l- q)+al, l<q<p-l, 



IJ'P-i,n = ^Jv'^{n + p){n + p + l) + \. 



5.4. Some combinatorics. Let Uq^s^p-i = {TOccx,g,ri : „ s2p-i} denotes the sequence of the 
eigenvalues of the coexact (/-forms of the Laplace operator over the sphere of dimension 2p — 1 and 
radius 1. Let ai, . . . , be a finite sequence of real numbers. Then, 

m m 

]J(x + aj) = '^em-j{ai,...,am)x^ 

j=l j=0 
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where the ei, . . . , Cm are elementary symmetric polynomials in ai, . . . , am- Let define the numbers: 

d] (j -q-lK2p-q-j -1), 
for q — 0,...,p — l,j^q + l, and 

where, as usual, the hat means the underling term is delated. 

Lemma 5.1. The sequence C/p-i is a totally regular sequence of spectral type(see |26j for the 
definition) with infinite order, exponent and genus: e(t/p_i) = g{Up-i) = 2p — 1, and 

Cis, t/p_i) = E ep-i-,(d^-')Cfl(5 - 2j). 

Proof. The first part of the statement follows from Lemma 5.2 in |14| . In order to prove the formula, 
note that C{s,Up-i) — J^~''C (f 7 t^p-i.S^P-i), where 

00 00 

^ccx,p— l,n 



/- ( ^ TT \ '7T,ccx,p— l,n 



Shifting n to n — p + 1, and observing that the numbers 1, . . . ,p — 1 are roots of the polynomial 
Sj=o ^p-i-j{d^ '^)n'^-' , we obtain 

>/ rr ^ mcex,p-l,n-p+l 22/"'' ^ 11^=1 n'^ - ip ^ fY 

C(s,c/p_i) = ^ = ^-^2. -s 

n—p ^ ' n—p 

□ 

Note that, using the formula of the lemma, C(s, Up-i) has an expansion near s = 2A: + 1, with 
fc = 0, 1, . . . ,p — 1, of the following type: 

2 1 

Ci^^Up-l) = ^2fc+l(p„ l)|2 gp-l-fc(^'"') g_ 2fc- 1 +I^P-h2k+l{s), 

where the ip_i_2fc+i(s) are regular function for k — 0,1, ... ,p — I. 

Corollary 5.1. The function C(s, Up-i) has simple poles at s = 2k+ I, for fc = 0, 1, . . . 1, with 
residues 

2 

Resi C{s,Up-i)= —^ep-i-kidP^^). 

s=2k+i i^-"'+'-(p - 1)V 

Lemma 5.2. The sequence Ug is a totally regular sequence of spectral type with infinite order, 
exponent and genus: e{Uq) = g{Uq) = 2p — 1, and (where i = V—T) 

The function C(s, Ug) has simple poles at s — 2{p — k) — \, with fc = 0, 1, 2, 
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Proof. The first statement follows by Lemma 5.2 [T3]. For the second one, consider the sequence 
Hq,h = {'Ticox.g.n : ^/\,n,s^p-^ + Then C{s,Uq) = v~%{s,H „2), and 



OO OO / t; \ oo 



Next observe that the zeta function associated to the sequence H^ q is 

oo oo 



E 



Recall that a^ — d^^ and note that 
p— 1 p— 1 p p 

i=o j=o j=i, j=i, 

and that the numbers n = 1, 2, . . . , —aq are roots of this polynomial. Therefore, we can write 

c(2., g,,o) = ^,^2p - g - 2)! ^ ^P-i-. X'^^) - J. - E (^'-«^r+M 

2 

^ g!(2p-g-2)! ^^^^-^ " *"^)' 

and 

oo 

z(s - j, ittq) = V J——. 

n—l ^ ^' 

Expanding the binomial, z(s, a) = X^fcLo (^'')'^^'^C-r(2s + 2fc), and hence z(s, a) has simple poles 
at s — \ — k, fc = 0, 1, 2, Since 

2 

C(2s,i?g,o) = ^!(^^5T~^Tr^E^P-i-j(^')^(*~ 

C(2s, i?q,o) lias simple poles at s = ^ + p — 1 — fc, k = 0, 1, 2, ... , C(s, iJ^.o) has simple poles at 
s = 2(p — fc) — 1, fc = 0, 1, 2, . . ., and this completes the proof. □ 

Corollary 5.2. The function C,{s, Uq) has simple poles at s — 2k + 1, for /c = 0, 1, . . . ,p — 1, with 
residues 



2,,-2fc-i p-i-k / 2fc+l \ P-i / 1 

Resi C{s,Uq)^—- — y ^ My ep_i„,(d«) 

.=2fc+i ^ ' ql{2p-q-2y. ^ i f 1 \j~k-t 



2 laf-'=). 
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Proof. Since the value of the residue of the Riemann zeta function at s = 1 is 1, 

Resi z{s-j,a)= Resi z{s,a)={ ^. , , — - — , 
s^\-k B=i-j-k \ 3+k J 2 

for fc = 0, 1, 2, Considering C(2s, Hq^), we have, for A: = 0, 1, ... ,p — 1, 



and the thesis follows. 



□ 



The result contained in the next lemma follows by geometric reasons. However, we present here 
a purely combinatoric proof. 

Lemma 5.3. For allO<q<p- 1, C(0, Ug^s^p-i) = 
Proof. Consider the function 

OO ^ OO 

Ct,c(s) = Yl rn(n + 2t))«-^ " {n^-t^y-^' 

n=l ^ ' '''' n=t+l ^ ' 

Since 



71=1 j=o \ •' y 

we have when s = 0, that ^(-c, it) = (-l)'^t^'^Cij(O) = and hence 

* 1 

Ct,c(s) = ^(S - C, it) - E fa2_^2).-c ' 

n— 1 ^ 

and for c = and s = Ct,o(0) — ~^ ~ ^- Next, consider c > 0, then: 

c,c(o) = (-iri^-X:("^-t^r- 



For q = 0, . . . ,p — 1, we have 



2 „=i 



OO CXD 



E 



''cex,g,n— 



(n(n-2a,))^ 
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Recalling the relation given in Section [ 

p 

m™x.o.r7,-o = -rvTi ::tt J]^ {n - q - 1 + j){n + 2p - q - 1 - j) 



2 


q\{2p-q 


-2)! 


2 




ql{2p-q 


-2)! 


2 





Yl ?^(^^-2a,) + d^ 



q\{2p-q-2)\ 



p-i 

^ep_i_,(d«)(n(n-2a,))^' 



Thus 



^^^'^-^^''-^^ ^ g!(2p-g-2)! ^^^-^-^(^') ^-"-^-^^^ - ^ Kn-2a,))^-.- 
2 

= ^!(2^3-3^E^P-.-i(^^)C-...(^)- 

where 

g ep_,_i(d«) ^^^^ + 2p - 2q - 2))--^- = °' 
for 1 < n < q, by result of |28l. For s = 0, we obtain 

2 

ep-i(rf'^)(-i-((p-g-2) + i) 



9!(2p-g-2)! ^ ^ 2 

j=l \ n=l / 

2 



(-e,_i(d«) 



q\{2p-q^2)\ 

p-1 / 2j P-9-2 N 

i=0 \ n=\ J 

2 (, ^ ,ql{2p-q-2y. 



q\{2p-q-2)\ 



p-i / 23 p-q-2 \\ 

-5:e,_,.r(d^) (-1)^+1^- ^ in' -air] 

3=0 \ n=l / J 



To conclude the proof, note that the second term vanishes. For first, as showed in the proof of 



Lemma [5?2l the numbers n = 1,2,..., —aq are roots of the polynomial X]?=o ^p-i-i('^'')("'^ ~ '^g)"' 
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and second: 

p—i p— 1 p p 

j=o J=0 j=l, 



5.5. The proof that ABuidCiSX^J^) ^ logTABiQS^P;-^). We need some notation. Set 

2fc+l\ P-1 



2 / 2fc+l \ f-'^ 



l-k-t 



s=0 



Then, by Corollary I5.2[ the residues of C(s, C/g), for < g < p — 2, are 



1 f- ' - 2 
Resi C{s,Uq)^ V —D{q,k,t), 

for fc = 0, . . . , p — 1, and when q = p — 1: 



Resi C(s,C/p_i) = ^^i5(p-l,fc,0), 



with fc = 0, . . . ,p — 1. Now, for < q < p — 1, it is easy to see that 
and hence 



*,H = JEI^««0<+m(^) I^^^l C(^'C^.)- JE4|#'E -^Diq,k,t). 

k=0 ^ fc=0 t=0 

On the other side, set: 

p-i fc 

^BM(G^,ta') = E ^;2fcTT^^'(^)' ^P(^) = E^^-(?''^)' 
fc=0 j=0 

where 

(2p-l)! 1 {-If -32^+^ 



iV,(p,fc) = 



AP{p - 1)! (p - 1 - fc)!(2fc + 1) (fc - j)!(2j + 1)!! ' 
Lemma 5.4. 5 X^^=o(~l)''ig(i^) *s odd polynomial in ^. 
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Proof. This follows by rearrangement of the finite sum: 



q=0 



q=0 
-1 



k=0 

p-1 



t=0 



k=0 q=t) j=() 

= I E ;:iT E E(-i)^^(«. j)Dii,j, k ~ j). 



4 ^ — ' 

k=0 



j=0 q=0 



Then, set: 



where 



p-i p-i ^ fc 

9=0 fc=0 j=0 



□ 



p-1 

M,ip,k) ^Y.(~iyFiq,j)Diq,j,k~ j) 

9=0 

g( f2p-2\ 



9=0 



4(2p-2)!V <Z 



p-i 

''E^p-i-'('^')" 
i=fc 



21 I \ 
'i\l-k 



This shows that all we need to prove the equality is the identity: Mj{p, k) — Nj{p, k). This is in 
the next two lemmas. Before, we need some further notation and combinatorics. First, recall that 
if 

fh{x) - eh {x^ - (p - lf,x^ -{p- 2)2, . . . , - 12, x"") , 
then fh{ctq) = Ghidfl), and fh{x), for /i > 1, is a polynomial of the following type: 



(5.2) Mx)^ E {x'~j!){x^-ji)...{x^-jl)^ 

0<jl<j2<-<jh.<p-l 



l)x'' + J2c's^''- 
' s=0 



Second, we have the following four identities. The first three can be found in [TT], 0.151.4, 0.154.5 
and 0.154.6, but see [Hj for a proof. The fourth is in pT^l, equation (5.3). 
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with l<n< N and a e R. 



Lemma 5.5. For < k < p — 1, we have that Mo{p, k) = Nq{p, k). 



Proof. Since j = 0, 



«...^)=|(-.«^rr)(7)&.-.-«-.«KrA) 

(2P-1)! 1 (-1)'' 

o[P, ) 22p-i(p-l)!(p-l-fc)!(2A; + l) fc! " 



Consider first k ^0. Then, 



g=0 ^ ' ^ ^ Z=fc 

1\ P-1 1 /o o\ P-2P-2-/ 



2 

k 



- (7) i:<-)'i^('^" t E ^-"«>KrA) 



g=0 



1 /2p-2V 2a+2Z_ 
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Using the identity in equation (|5.5p , the second term in the last hne vanishes since 2s +2/ < 2p~2. 
Thus, 

i\ 1 /o„ o\ „ \ / 1 



2\k )^^\p-l-lj\l-k 



2 



p \ + 1)! (2p- 1)!! 2'=+! 

No(p,k). 



2 \ k J \k + lj p\ (2fc + l)!! 2P 
(-1)'^' 1 (2p-l)! 1 



fc! (p-fc-l)! (2/c + l) 22p-i(p-l)! 
Next, consider fc = 0. Then, 

M.(p. 0) .|Vi)«^ f ') g (7) + \ 

^|-)'^C7Ti:/.-.-K«,)<(7)-i.i 



q=t) ^ ^ ' ^ ^ ^ 1=0 

"'^ 1 /2p-2\„_i 1 



Cn - 



(-1^1 f2p-2\^ ^ 1 



2(2,-2np-iy(-^)' (^-^)'^^-^)'-2 



(2p-2)!V 9 J^\p~l-lJ \l J 2 2 

|-''i^rr)<-=gC-'-<)(7 



p-i / \ / 1 



-t( ' 



2 



1 (2p- 1)!! 2p- 1 /2p- 2 



\ I J 2P ip-iy. 22p-i \p-l 



No{p,0) 



□ 



The next two results have the objective to find a presentation of F{q,j), for that we need to 

=^2i+l,gV 



describe the functions $2f+i qi^)- These functions appears on the calculation of the derivative in 
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zero of zeta functions of double sequences, they are defined by 

poo -, r -At 

for < j, g < p - 1. The functions 0° "^/(A) are defined using terms from the uniform expansions of 
Bessel functions (for more details see Lemma 5.4 and Lemma 5.10 from [M]). In fact, 0jq'^(A) are 
polynomials in A with (f>j'^g'^{0) — 0, for all j, q e IN. 

Lemma 5.6. For all j and all < q < p — 2, the functions (f)°'^^'^{w) satisfy the following recurrence 
relations ( where w = ) 

t=i 

<'(A) = + E K2,.tMaf + 2<^,_i(u;), 

where the Kjj{w) are polynomials in w. 

Proof. The proof is by induction on j . For j — 1, 



Assuming the formulas hold for 1 < A; < j — 2. Then, by definition of the functions 0°'^'^(A) and 
Z(A) in the proof of Lemma 5.4 and Lemma 5.10, we have that 



s-2 

2t 
9 

t=i 



lts-iH+l2s-iM - 2hs-i{w)+w^'-^af-'cb°f{w) + J2K2s-i,tMa: 

t= 

^2^;^ + ^2".H = 2/2. H ^ + ^ K2s,tHaf, 

^ t=l 

2 

* t=0 

s-2 

^2+ H - ^2".H = -<"'«^''"V°'i''H + a, E^2mH<. 



t=0 
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for all s = 1, 2, . . . , J — 1, and where the D^ t are polynoniials in w. We proceed as in the proof of 
Lemma 5.61141. For the odd index we have: 



k=l ^ 

2j-l-k 

fc=l 

2j — 1 — 2k 

=2a,t/2j-2(w) - ^2fcH(^^j-l-2fcH - ^2j--l-2/cM) 

fc=l ^-^ ^ 

^"^ 2j- l-2fc 



XI — — wagU2k-iMil2j-i-2kM + hj-i-2kiw)) 

k=l ■' 

2j — 2fc 

A;=l 

2j — 2fc 

ZZ 2j - 1 ^"■?^2fc-2H(^^j-_2fc(w) + ^2;j_2fc(w)) 



fc=l 
2 

t=0 



and this gives 



2,- _ 1 _ /c 

02j-l,9H - - 2J72j-l(w) + 2V2j-l{w) + X 2 -1 (2J/feH^2j-l-fcH) 

k=l ^ 



i-1 



E ^'2/, {y2k{^m,-,-2k{^')+i2,-i-2kH)) 



k=l 

i-1 



fc=l 
i-1 



2j 



- 2j — 2fc / 

E 2,-1 (^2fe-lM(Z^j_2fe(«^) + ^2j-2k{'^)) 

fe=l 

2j — 2fc / 

E 2j-l (^"9^2fe-2H(^^j_2fe(«^) - ^23-2ki'^)) 



k=l 

i-2 
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For the even index, using the resuh proved for the odd index, we get 

I — 

2k 

inrv..TJn\ 

2j 



i-4 2j — 2k 



k=l 

J-1 



2j 2k 

— — w;agC/2fc-i(u))(/+_2feH +'2,--2fe(«^)) 



fc=i 

2j — 2fc + 1 

22 ^2fe-l(u))(/+_2fe+lM - ^2,--2fc+lH) 

k—1 
1 — 1 

:^ 2j — 2fc + 1 

22 «^"9^2fc-2H(^^j-2fe+l(«^) + ^2j--2fc+lH) 

k=l ■' 

i-2 
t=o 



and proceeding as before, this gives the last formula in the thesis. 



□ 



Corollary 5.3. For all j and all < q < p — 2, the Laurent expansion of the functions ^2j+i qi'^) 
at s = has coefficients: for 1 < j < p — 1 



2 



Resonftijs) = ;t--T< + E^2j+i,,,t< + 2Reso<i>^^^i.p_i(s), Resi <^>°,^t,,,{s) = 0, 

s=0 ZJ + L z=0 s=0 

2j + l k+j 



fc=l 

where the kj_q_t are real numbers, and for j — 0, 

Reso = 2 Reso n^p-ii^) = 2, Resi = 0. 

s=0 s=0 s=0 

Proof. By Lemma 5.4 and Lemma 5.10, 

2] + l 2j+l 

r2ftl.qW = E K2, + l,q,kw'''+'' + \ ^2ftl.p-lW - E if2, + l,p-l,fe^''=+'^"+^ 

fe=0 fc=0 

where w = "y^j' ^^'^ '?^2i+i,(}(0) — 0, therefore X^fcio^ fc2j+i,q,fe = 0. Using the formula in equation 
(9.6) [15 and the residues for the Gamma function in equation (9.5) [14j, we obtain 

2j+l 

Resi<i>^,^^i,,(s)= E ^2,+i.,./c = 0. 

Using the same formulas of T^, but the result of Lemma [5^ we prove the formula for the finite 
part. The formula for j — follows by explicit knowledge of the coefficients fco.p-i,i. □ 

Note that, with this corollary F{q, 0) = 2 for < g < p - 2, and F{p -1,0) = 1. 
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Lemma 5.7. For I < j < p — 1, we have that Mj{p, k) — Nj{p, k). 
Proof. Note that j < k, and hence l<j<k<p — I. RecaU that 



Fiq.j) = TTTT"'' + E '^sj+i,,.*^ + 2Reso ^°2jti,p-i(.s), 

by Corollary 15.31 Set fc2j+i,g,o = 2Rcsoz=o^2j+i,p-i{s)- We split the proof in three cases. First, 
for J = fc < p — 1 , we have 

.2i-2j f 2 



Using the formula in equation (j5.2p for the functions /p-i-i(ag), we get 



p— 1 ^ ^ p—1 



p-i / \ / 1 



1 1 (2p-l)!!2J+i 

2(2j + l) ^ Vp-1- VV-j7 ' 2(2j + l)(p-l-j)!(2j + l)!! 2f 



'3 + 1) 

1 (2p-l)! 2^ 

(2i + l)(p - 1 - j)! (2j + 1)!! 22P-1 {p - 1)! 
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where the first three terms in the first equation vanish because s + 1 <p — 1 and t — j < —1. The 
second case is j = k = p — 1. Then, 



^ {2p-l){2p-2)\\ q J 



t=0 9=0 

p-1 



k2j+i,p-i,t , /2p-2 
2 2(2]9- 2)! Vp- 1 



- fc2,+i,,-i,o(-ir^2(2p-2)!Cp- 
fc2j+i,p-i,o . ^^p-i 1 /2p-2\ 
^ 2 ^ ^ 2{2p^2y\p-lJ 



2(2p-l) 2 2 

= 2(2^ =^-^(^'^-1^- 
The last case is 1 < j < fc. Then, 

^-J/^o ^ (2i + l)(2p-2)!V 9 y'£^Vp-l-^; ^ - fc. 

/ 1 _ A ^'"^ X /2p — 2\ ^^^^^^ ' f —- 

^2s+2;+2t-2j / 2 \ 



^ / (=0 9=0 ^ ^ ^ ^ / ;=fe s=0 
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k-j J 2(2j + i)^^yp-i-ijyi-k 

4- A 1 (2p-l)!! 



k~j J 2{2j + 1) (p - 1 - k)l{2k + l)!!2P-'=-i 
_(_l)fe-j 2J (2fc- 1)!! 1 (2p-l)!! 
~ (k- jy. ¥ {2j - 1)!! 2(2j + 1) (p - 1 - k)\{2k + l)!!2P-fc-i 

(fc-j)! 22p-i(p-l)!(2j + l)!!(p-l-/c)!(2fc + l) 

□ 

5.6. The proof that A^MidCiSlf^J = "^ogT^^idSlP^J. The proof of this case follows with the 
same argument of the odd case, the unique difference are the functions ^'^^^{s). But with the same 
strategy as previously, it is possible to prove that, for all j and all < q < _p — 1, the Laurent 
expansion of the functions $2i™('5) at s = has coefficients: for 1 < < p 

Reso = + a, V K2j,taf , Resi = 0, 

where the i^2j,t are real numbers. With this information we prove the Theorem 11.21 
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